Let G be a group and let S be a generating set of G. In this article, we introduce a metric d C on G with respect to S, called the cardinal metric. We then compare geometric structures of (G, d C ) and (G, d W ), where d W denotes the word metric. In particular, we prove that if S is finite, then (G, d C ) and (G, d W ) are not quasi-isometric in the case when (G, d W ) has infinite diameter and they are bi-Lipschitz equivalent otherwise. We also give an alternative description of cardinal metrics by using Cayley color graphs. It turns out that color-permuting and color-preserving automorphisms of Cayley digraphs are isometries with respect to cardinal metrics.
Preliminaries
By a generated group (G, S) we mean a group G with a specific generating set S. In the case when S is finite, we say that (G, S) is a finitely generated group. Throughout this article, we assume that every generating set of a group does not contain the group identity. One of the most important metrics defined on a generated group is presented below. for all g, h ∈ G with g = h and d W (g, g) = 0 for all g ∈ G.
Let (G, S) be a generated group. Recall that the Cayley digraph of G with respect to S, denoted by − − → Cay(G, S), is a directed graph (also called a digraph) such that (i) the vertex set is G and (ii) the set of arcs is {(g, gs) : g ∈ G, s ∈ S}.
The (undirected) Cayley graph of G with respect to S, denoted by Cay (G, S), is defined as the underlying graph of − − → Cay(G, S); that is, the vertex sets of Cay (G, S) and − − → Cay(G, S) are the same and {g, h} is an edge in Cay (G, S) if and only if (g, h) or (h, g) is an arc in − − → Cay(G, S). A strong connection between word metrics and Cayley graphs is reflected in the fact that the distance between two arbitrary points g and h in G measured by the word metric coincides with the shortest length of a path joining vertices g and h in Cay (G, S).
The word metric of a generated group leads to a group-norm [2] , which is a function analogous to a norm on a linear space. In fact, if (G, S) is a generated group, then
for all g = e defines a group-norm on G. For basic knowledge of geometric group theory, we refer the reader to [6] .
Generated groups endowed with cardinal metrics
Motivated by word metrics, we introduce a new metric on a group with a specific (finite or infinite) generating set. This metric enriches the group structure and so the group becomes a metric space with a norm-like function. We then examine its geometric structure. In particular, we show that large scale geometry of a certain finitely generated group is different when it is equipped with this new metric instead of the word metric. This enables us to investigate finitely generated groups from another point of view.
Let G be a group and let S be a subset of G. Recall that G = S if and only if every element of G is of the form s 2 · · · s ε n n , where s i ∈ S and ε i ∈ {±1} for all i = 1, 2, . . . , n. Let (G, S) be a generated group. According to the well-ordering principle, we can define a function · corresponding to S, called the cardinal norm on G, by g = min{|A| : A ⊆ S and g ∈ A } (2.1) for all g ∈ G. For emphasis and clarity, we sometimes use the notation · S . Note that the cardinal norm defined by (2.1) does depend on a given generating set S. For example, consider the symmetric group S 3 and let S = {(1 2), (1 2 3)} and T = {(1 2), (1 3), (1 2 3)}. Then S and T are generating sets of S 3 . In this case, (1 3) S = 2, whereas (1 3) T = 1.
Theorem 2.1. Let (G, S) be a generated group. The cardinal norm induced by S is a group-norm; that is, it satisfies the following properties:
(1) g ≥ 0 for all g ∈ G and g = 0 if and only if g is the identity of G;
Proof. The proofs of items 1 and 2 are straightforward. To prove item 3, let g, h ∈ G. Then g ∈ T and h ∈ R , where T and R are subsets of S such that g = |T | and h = |R|. Note that T ∪ R is a finite subset of S and that gh ∈ T ∪ R . Hence,
It follows from Theorem 2.1 that the cardinal norm of a generated group G induces a metric given by 2) called the cardinal metric, and so G becomes a metric space. This gives another way to define a geometric structure on a (finitely) generated group. One of the most important geometric structures defined on a finitely generated group is the word metric, of course. By definition, d C (g, h) equals the smallest cardinality of a subset A of S such that g −1 h ∈ A , which justifies the use of the term "cardinal". It will be apparent that the structure of a generated group depends on its diameter with respect to the cardinal metric as well as the word metric.
Remark. Throughout the remainder of this article, the word and cardinal metrics mentioned in the same place are induced by the same given generating set unless stated otherwise.
for all g, h ∈ G.
Proof. The lemma follows from the fact that a ∈ S for all a ∈ G.
The following theorem shows that every finitely generated group has finite diameter with respect to the cardinal metric. Furthermore, there is an example of a generated group of infinite diameter. Theorem 2.3. Let (G, S) be a generated group. If S contains a finite subset that generates G, then (G, d C ) is of finite diameter.
Proof. Suppose that T is a finite subset of S such that
The converse to Theorem 2.3 does not hold. For example, (R, R) is a generated group and (R, d C ) is of finite diameter since d C (x, y) ≤ 1 for all x, y ∈ R. However, R dose not contain a finite subset that generates R.
Example 2.4. Let F be a free abelian group with infinite countable basis B = {b i : i ∈ N} (For example, F can be chosen as the group of all functions from N to Z with finitely many nonzero values under pointwise addition). For each
Suppose to the contrary that d C (0, s n ) = m < n. Then there are distinct elements c 1 , c 2 , . . . , c m ∈ B such that s n ∈ c 1 , c 2 , . . . , c m . Hence,
Since m < n, the previous equation is a contradiction for b 1 , b 2 , . . . , b n , c 1 , c 2 , . . . , c m are basis elements. This proves that d C (0, s n ) = n. It follows that sup {d C (x, y) : x, y ∈ F} = ∞ and so (F, d C ) is of infinite diameter.
Geometric structures
Let (G, S) be a generated group. It is not difficult to check that the following are classes of (surjective) isometries of G with respect to the cardinal metric:
• the left multiplication maps L g : h → gh;
• the automorphisms τ of G with the property that τ(g) = g for all g ∈ G;
• the automorphisms τ of G with the property that τ(S) = S.
An immediate consequence of the previous result is that the space (G, d C ) is homogeneous; that is, if x and y are arbitrary points of G, then there is an isometry T of (G, d C ) for which T (x) = y. In fact, T = L yx −1 is the desired isometry.
As mentioned previously, the cardinal metric depends on its generating set. However, in the case of finitely generated groups, the cardinal metrics are unique up to bi-Lipschitz equivalence, as shown in the following theorem. Proof. We may assume without loss of generality that |S| ≤ |T |. Suppose that f : G → G is an injective map. Let g, h ∈ G and let g = h. Then f (g) = f (h) and so
. This proves that
and so f is bi-Lipschitz. The remaining part of the theorem is immediate.
In some instances large scale geometry of a generated group is variant when its word metric is replaced by the cardinal metric, as we will see shortly. The next theorem gives a comparison between cardinal and word metrics. Theorem 2.6. Let (G, S) be a generated group. Then
for all g, h ∈ G. Further, there is an example of a group such that the equality in (2.4) does not hold.
For the remaining part of the theorem, consider the additive group Z. Since Z = 1 , it follows that k = 1 for all nonzero k ∈ Z. Hence,
Theorem 2.7. Let (G, S) be a finitely generated group.
Proof. We show that there is no quasi-isometric embedding from (G, d W ) to (G, d C ). Let T be a self-map of G. Let K and c be arbitrary positive constants. Since diam (G, d W ) = sup {d W (x, y) : x, y ∈ G} = ∞ and K(|S| + c) is a constant, there must be points g and h in G such that
This proves that T cannot define a quasi-isometric embedding and so (G, d W ) and
Theorem 2.8. Let G be a finitely generated group.
Therefore, they are quasi-isometric.
Proof.
are not quasi-isometric and so they are not bi-Lipschitz equivalent.
(2) Suppose that (G, d W ) is of finite diameter and let T be an injective self-map of G. We claim that T is a bi-Lipschitz embedding. Set K = diam (G, d W ). Using Theorem 2.6, we obtain
for all g, h ∈ G. Hence, T is bi-Lipschitz. This implies that every permutation of G is a bi-Lipschitz equivalence between (G, d W ) and (G, d C ).
By Theorem 2.8 (2), if (G, d W ) has finite diameter, then (G, d W ) and (G, d C ) are bi-Lipschitz equivalent. Therefore, the next obvious question is whether they are isometric. It turns out that they need not be isometric, in general. The following two examples support our claim.
Example 2.9. Let G be a finite group. Let d W and d C be the word and cardinal metrics with respect to G itself. Note that (G, d W ) is of finite diameter. In fact, if g, h ∈ G, then d W (g, h) = 1 since Cay (G, G) is a complete graph and so {g, h} is an edge in Cay (G, G). This implies that the diameter of (G, d W ) equals 1. The identity map on G is easily seen to be an isometry between (G, d W ) and (G, d C ).
Example 2.10. Let G be a cyclic group of finite order n ≥ 4 with a generator a. Let d W and d C be the word and cardinal metrics induced by {a} and let T be a bijection from G to itself. We claim that T cannot define an isometry between (G, d W ) and (G, d C ). Since T is surjective, there are elements g and h of G such that T (g) = e and T (h) = a 2 . Note that d W (T (g), T (h)) = d W (e, a 2 ) = 2 since e −1 a 2 = a 2 is a word of length 2 (a 2 = e, a 2 = a, and a 2 = a −1 ). Moreover,
) and so T is not an isometry.
We close this section with a description of isometries between finitely generated groups equipped with word and cardinal metrics.
Theorem 2.11. Let (G, S) be a finitely generated group. Every isometry from
is an isometry that preserves the group identity andT (S) ⊆ S ∪ S −1 . Furthermore,T is a nonexpansive mapping on (G, d W ).
Proof. Denote by e the identity of G and let T :
Hence,T is an isometry from
(G, d C ) to (G, d W ). Let s ∈ S. Then 1 = d C (e, s) = d W (T (e),T (s)) = d W (e,
T (s)).
This implies thatT (s) can be expressed as a word of length 1; that is,T (s) = t ε for some t ∈ S and ε ∈ {±1}. This proves thatT (S) ⊆ S ∪ S −1 .
Let g, h ∈ G. By Theorem 2.6,
and soT is nonexpansive.
Topological structures
Let G be a generated group. It is clear that the distance between two arbitrary points in G measured by the cardinal metric is a nonnegative integer and so the cardinal metric induces the discrete topology on G (the same is true for the word metric). Actually, the open ball centered at x of radius 1/2 is the singleton set {x}. This implies that if G is finite, then (G, d C ) is compact and hence is complete and totally bounded. In contrast, if G is infinite, then (G, d C ) is neither compact nor totally bounded. Nevertheless, it is complete since any Cauchy sequence in (G, d C ) must become constant at some point. It is well known that any finitely generated group is countable. Therefore, if G is a finitely generated group, then (G, d C ) is separable since G is a countable dense subset of itself. In this case, (G, d C ) forms a Polish metric space [1] (and even a Polish group).
Isometries of cardinal metrics
In this section, we give an alternative description of cardinal metrics by using Cayley color graphs. This leads to a remarkable connection between cardinal metrics and color-permuting automorphisms of Cayley graphs of generated groups. More precisely, cardinal metrics are invariant under color-permuting automorphisms (and hence also color-preserving automorphisms).
Let (G, S) be a generated group. To elements of S, we can associate distinct colors, labeled by their names. The (right) Cayley color digraph of G with respect to S, denoted by − − → Cay c (G, S), is a digraph with G as the vertex set and for all g, h ∈ G, there is an arc from g to h if and only if h = gc for some c ∈ S. In this case, we say that (g, h) is an arc with color c. Recall that an (undiretced) path from g to h in − − → Cay c (G, S) is an alternating sequence of vertices and arcs, g = g 0 , e 1 , g 1 , e 2 , g 2 , . . . , g n−1 , e n , g n = h, such that e i ∈ {(g i−1 , g i ), (g i , g i−1 )} for all i = 1, 2, . . . , n. i . Then g = y 0 , y 1 , y 2 , . . . , y k = h is a path connecting g and h in − − → Cay c (G, S) and so the number of colors associated with this path, say , does not exceed |T |. It follows from the minimality of n that n ≤ ≤ |T | = d C (g, h). Thus, d C (g, h) = n. automorphism of Z. In fact, define a map T by T (2) = 3, T (3) = 2, and T (x) = x for all x ∈ Z \ {2, 3}. It is clear that T is a bijection from Z to itself. If x = y, then T (x) = T (y) and so d C (T (x), T (y)) = 0 = d C (x, y). If x = y, then T (x) = T (y) and so
This proves that T is an isometry of (Z, d C ). However, T does not define an automorphism of Z; for example, T (4) = 4, whereas T (2) + T (2) = 6.
